In NMR experiments, interaction of quantized radio-frequency (rf) field leads to entanglement of nuclear spin with the electromagnetic field. In an entangled state, the nuclear spins are depolarized with no net magnetization, which cannot give a detectable signal in inductive detection. We show that when the electromagnetic field is in coherent state, inductive detection is just true. We develop the mathematics to study the evolution of a coherent rf-field with a sample of all polarized spins. We show that evolution can be solved in closed form as a separable state of rf-field and spin ensemble, where spin ensemble evolves according to Bloch equations in an rf field. We extend the analysis and results to a spin ensemble with Boltzmann polarization. The rabi frequency and coupling strength of spins to rf-field depends on number state of the rf-field. We show that in interaction with a coherent rf-field, this variation in coupling strength, introduces negligible error.
Introduction
Consider the Jaynes-Cummings Hamiltonian of a spin We index the number states of the rf-field as |n such that a Consider the evolution of the state a n−1 (t)|n − 1 |1 + a n (t)|n |0 . This gives d dt a n−1 a n = −i (n +
2 )ω κ √ n κ √ n (n +
2 )ω a n−1 a n .
The evolution of the state can be calculated. Starting from initial state |n |0 , evolution for time
, where n, is photon number generates a state (we neglect global phase),
The corresponding density matrix is ρ f s = |ψ ψ| = 1 2 (|n |0 0| n| + |n − 1 |1 1| n − 1| − i|n |0 1| n − 1| + i|n − 1 |1 0| n|).
We take partial trace with respect to light field. Giving us a density matrix that takes the form ρ s = 1 2 1 . Taking expectation, gives S x = 0 and S y = 0, with gives undetectable magnetization.
We show that we can rectify the situation, if we assume the state of the light field is a coherent state.
The state of the light field and spin is |ψ |0 , where |ψ is a coherent state,
with |α| = n , the mean photon number.
In Eq. (1), starting from initial state |n |0 , evolution for time t = π 4κ
which for n around n reduces to Eq. 2.
The photon-spin state |ψ |0 evolves to
where,
when probability in |ψ is concentrated around |α| = n , |ψ A and |ψ B are collinear, we can write the above state as
Partial trace wrt to field states gives
, which is just transverse magnetization.
The product
We again compute the partial trace of density matrix ρ f s , corresponding to the state
Abbreviating A = ψ A and B = ψ B , let A ⊥ be unit vector perpendicular to A in the A − B plane.
Partial trace is
where exp(jφ) = i exp(−iω).
The magnetization S x = tr(ρS x ) = cos θ cos φ and S y = tr(ρS y ) = cos θ sin φ. Thus we have
shown that if we have a spin 1 2 driven by a rf-field in coherent state, the spin state remains only very weakly entangled with the coherent state and we can do a detection of its transverse magnetization.
A quick recapitulation of partial trace and its significance. Let ρ AB be the density matrix of a bipartite quantum system. Let |i and |j be orthonormal basis for system A and B. |i ⊗ |j are basis for the bipartite system AB. If the ensemble indexed by k is made of pure states ij a k ij |i |j , the density matrix for the bipartite system takes the form
where ρ A , is the partial trace obtained by tracing over system B, given as
Evolution of all polarized spin ensemble in coherent rf-field
We now consider a spin ensemble of M spins, all polarized to begin with, interacting with a electromagnetic field in number state |n . We choose a symmetrized basis for the spin states as
where |0 M+1−k 1 k−1 represents a state which represents all combinations, where 1 appears in k − 1 spots. For example |e 2 represents
When a photon is absorbed it flips a spin. Starting from state |n |e 1 , the general state of the photon and spin ensemble is written as
We can write an equation for evolution of the coefficients a k . The transition rate a k,k+1 from
We postulate a solution of the following form.
where ⊗M denotes the M fold tensor product.
The coefficient of |e k+1 in
This givesā k+1 (t) as the coefficient of |e k+1 in
and
If the initial state of the field is a coherent state,
with parameter α = |α|e −j2θ , then the spin-photon state evolves as
which can be written as
For n near mean photon number |α| = n , we have 
where E = {|α| − n ′ , . . . , |α| + n ′ }. On E, we have,
, where say α
. For ln
Therefore, for ln
Then the spin photon state in Eq. (9) can be written as
where |ψ(t) is a coherent state with parameter α = |α| exp(i2ωt). When evolution time is chosen such that t = π 4κ √ n , the state takes the form
The state of field and spin ensemble is a separable state. We can evaluate the net transverse magnetization and it takes the form
Error due to variation in coupling strength to different number states
In Eq. 5 we approximated
Going from Eq. 8 to 11, we made an approximation, √ n ∼ n . This may introduce an error when we analyze evolution of spin ensemble and coherent state as in Eq. (9) and subsequent analysis. We can capture the error in the evolution. Given the equationẋ = (A + ∆)x, letẋ = Ax, solution to unperturbed part of the evolution. The difference of the evolution y =x − x, takes the formẏ = (A + ∆)y + ∆x, where y = T 0 exp(A + ∆)(T − τ )∆x, then
where exp(A + ∆) is an orthogonal matrix. Let ǫ n,k+1 =b n k+1 − b n k+1 whereb n k+1 is the true evolution in Eq. (7) and b n k+1 is the evolution when we approximate √ n ∼ n .
The approximation error can be bounded as
Calculating E( √ n − |α|) 2 , over n, for n ≥ |α|, we have
for n ≤ |α|, we have,
Then writing the state in Eq. (9) with an error part |φ due to approximation,
where factor of 4 in above Eq. (12) comes about from fact that distance between two unit vectors is bounded by 2.
We consider the sum s =
, we have,
By using
, which is the time for a π 2 pulse. The above error in Eq. 12, is bounded by
As an example consider a solenoid with radius .7 cm and length 4 cm, the volume is 2π × 10 −6 , 
For j ≤ n, the transition rate from state |n − j − 1 |k, j − 1 and |n − j + 1 |k − 1, j + 1 to
respectively. The transition rate from |n−j |k, j to state |n−j −1 |k, j +1 and |n−j +1 |k+1, j −1
respectively Let a k,j be the coefficient of the state |k, j . Then
The solution to the above differential equation can be written as
where for σ(t) = κ √ nt the coefficient,
The solution to the above differential equation can be described as follows.ā k,j (t) is the coefficient of |k, j in,
and a k,j (t) = exp(−iωt(n + 1 −
If the initial state of the field is a coherent state, with parameter α = |α|e −jθ , then the state evolves as
Let
For n near mean photon number |α| = n , we have
As in Eq. 10, where |ψ(t) is coherent state with parameter α(t) = |α| exp(i2(ωt + θ)). When evolution time is chosen such that t = π 4κ √ n , the state takes the form |ψ(t) ( |0 − i exp(−i(ωt + θ))|1 √ 2 ) ⊗M1 ( |1 − i exp(i(ωt + θ))|0 √ 2 ) ⊗M2 .
The state of field and spin ensemble is a separable state. 
Discussion
We studied the evolution of a coherent rf-field with a sample of all polarized spins. We showed that evolution can be solved in closed form as a separable state of rf-field and spin ensemble, where spin ensemble evolves according to Bloch equations in an rf field. The rabi frequency and coupling strength of spins to rf-field depends on number state of the rf-field. We showed that in interaction with a coherent rf-field, this variation in coupling strength, introduces negligible error.
